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Abstract. In this paper we study the nature of
Alfvén wave propagation through the Io plasma torus. A
one—dimensional model is used with uniform magnetic
field and exponential density decrease to a constant value.
The solution can be expanded near the center of the
torus and far away from the torus to give propagating
Alfvén waves. The time-averaged Poynting flux is
independent of position and, in the near and far limits,
is equivalent to the sum of Poynting fluxes carried by
individual wave trains. In this fashion it is possible to
calculate the fraction of energy that is transmitted or
reflected by the change in Alfvén speed through the
torus, for a given wave train near Jo. The solition is
sensitive to the distant (or asymptotic) Alfvén speed. A
lower limit for this speed can be found from the density
decrease alone. Using this value we find, in accord with
previous work, that there is negligible wave reflection. A
more realistic asymptotic Alfvén speed takes into account
the increase in field strength along the Io flux tube. This
larger Alfvén speed value yields a significant reflection
coefficient, and the result is in good agreement with our
previous numerical solution. Our results imply that Io's
Alfvén waves may not propagate completely through the
plasma torus, and thus WKB theory and ray tracing may
not provide meaningful estimates of the energy transport.

1. Introduction

In 1964, Bigg [1964] reported that observations of
Jovian decametric emissions (DAM) were influenced by
the position of Jo. Goldreich and Lynden-Bell [1969]
presented the first model of the Io-Jupiter interaction,
and introduced the important notion that Io is a good
electrical conductor.  They envisaged that the current
flowing through lIo would close in the Jovian ionosphere
via currents at the side of the Io flux tube. In 1973,
Goertz and Deift [1973] (and Deift and Goertz[1973])
suggested that the current would be carried down to the
Jovian ionosphere via Alfvén waves, which would then be
reflected back to Io. With the discovery of the Io plasma
torus [Bridge et al.,, 1979; Broadfoot et al., 1979], and
the associated slower wave propagation speed, it was
realized that the Alfvén waves would not return to Io but
would extend downstream of the satellite [Neubauer, 1980;
Gurnett and Goeriz, 1981]. Evidence of this wake was
found in Pioneer 10 magnetometer data [Walker and
Kivelson, 1981]. More recent work [Goertz, 1983] has
modeled the evolution of field lines that encounter lo.

There has been considerable interest in the structure
of the waves downstream from Jo because they are
thought to produce decametric radiation. The planetary
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radio astronomy observations from Voyager 1 and 2
[Warwick et al., 1979a,b] show sets of nested arclike
structures in frequency-time spectra. The bursts of DAM
is probably related to the Alfvén wave pattern extending
behind Io [Gurnett and Goertz, 1981]. However, this
work assumed that the wave would propagate through the
magnetosphere in the WKB fashion (i.e., the wave does
not suffer any reflection within the medium) and then
would be reflected efficiently from the Jovian ionosphere.
Bagenal [1983] continued this approach and computed the
trajectory of the wave by a ray-tracing calculation that
used realistic field and density models.

Clearly, the nature of Alfvén wave propagation
through the Jovian magnetosplasma is intimately related to
the wave structure that exists downstream from lo. The
models of Gurnett and Goertz [1981] and Bagenal [1983]
rely on the WKB approximation. Some calculations
[Gurnett and Goertz, 1981; Goertz, 1980] suggest the
WKB limit is applicable and that reflections form the
plasma torus may be neglected. A recent study
[Wright, 1987] solved the MHD wave equation
numerically and used a realistic magnetic field and density
distribution. The results indicate that an Alfvén wave
launched from the magnetic equator can interact strongly
with the medium as it propagates through the
inhomogeneities,. For the wave expected to be produced
by Io these calculations predicted that about 75% of the
power would be reflected from the medium alone,
implying strong violation of the WKB approximation. One
factor contributing to the discrepancy with earlier
predictions involves a comparison of scale lengths of the
wave and of the magnetoplasma. The work of Gurnett
and Goertz [1981] took the scale of the wave to be the
size of Jo. This is reasonable for the perpendicular scale
of the wave, but the parallel wavelength could be 1 or 2
orders of magnitude greater than this [Wright, [1987].
The parallel scale of the wave is the more relevant to
the propagation of Alfvén waves. Moreover, the length
scale associated with the wave changes in an
inhomogeneous medium due to the varying Alfvén speed.
This more general Alfvén wave propagation problem has
received analytic attention in the past [Goertz, 1980],
which we reexamine here in more detail. Our qualitative
results agree with those of Goertz [1980] when similar
parameter values are used in both cases. However, the
larger asymptotic Alfvén speed which mimics the dipolar
variation in the magnetic field strength reproduces the
behavior presented by Wright [1987]. Additionally, our
mathematical results differ in detail from the earlier
formulation. OQur results indicate that Alfvén waves
generated by lo do not propagate in a WKB manner
when realistic Alfvén speed profiles are imposed. We also
give convenient forms for the energy fluxes, along with
transmission and reflection coefficients, based on our
analytical results.

The problem of Alfvén waves propagating through an
inhomogeneous medium has also received considerable
interest from the solar physics community (Ferraro and
Plumpton, [1958]; see Hollweg [1983] for a brief review).
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We draw freely on this body of work, and in particular
on Leroy [1983], who solved a wave equation similar to
that employed here.

The paper is structured in the following fashion:
section 2 describes the model and gives the relevant
solution; section 3 evaluates the energy fluxes and their
interpretation; section 4 discusses the application of our
results before the conclusions in section 5. In the
appendix we investigate other analytical limits of our
solution.

2, The Model

To investigate Alfvén wave propagation through the
torus density distribution we shall adopt a one—dimensional
magnetoplasma. Quantities vary with the z coordinate, and
are indpendent of x and y. The background magnetic
field is uniform and parallel to the z axis. This model is
the same as that used by Goertz [1980], where it is
shown that the equation governing perpendicular velocity
perturbations (v) is

&y -vim & M

We shall model the torus density profile as an
exponential decrease from the equatorial value p, (at z =
0) to the value far away (z -» ®) of pq.

P(Z) =py + (Py-Pw).exp[-22z/z;] (2)

The scale length for the density variation is z /2.
This yields the variation of Alfvén speed along the field
lines to be [Goertz, 1980]

1 1 1 1
- - = | =5 - .exp[-22/z,]
A(2) VAo VAo Vi
- : + + .exp[-2z/z,]
VA VA (3)

VA, is the equatorial Alfvén speed (at z=0) and Vp, is
the asymptotic value of the Alfvén speed as z -+ o,
VA, is defined via equation (3). Our wave equation is
identical in form to equation (16) of Leroy [1983].
Following Goertz [1980] we shall change variables from z
to x,

x = (wz,/Vp,).exp[-z/z,] (4)

(There appear to be some typographical errors in Goertz
[1980], including an additional factor of VA, in the
definition of x.) We shall only consider one Fourier
frequency, and let all fields have a time dependence of
efdt,  Thus the velocity perturbation is given by v =
uef@t; u has real and imaginary parts (up + iu;). The
wave equation (1) for v has now become Bessel's
equation for u:

2
x2 g—x‘; +ox f‘—d: + (x2-»)u = 0 (5)

The parameter » is purely imaginary and is given by

2 m 0"z /Vpo ™ -KaZg v ® +ikez,  (6)

The general solution to Bessel's equation is a linear
combination of the Bessel functions J,(x), J.,(x) and
requires two boundary conditions. We shall adopt the
usual boundary condition [Goertz, 1980], namely, that the
wave at large distances from Io (i.e., zo», x30) is
propagating in the + 2 direction, so that there is no
source of Alfvénic energy other than at z=0.

Solution at Large z

We consider first the small argument expansion for
the Bessel functions [Abramowitz and Stegun, 1972]

J,(x) = (x/2)?/T(1+r), as %30, z» (7)

We shall denote the function G(») = 1/I(l1+y) = G, +
iGj in terms of its real and imaginary parts, and take the
complex coefficient of J,(x) to be A = A, + iA; The
velocity, v, is given by

v = u(x)elwt = AJ (x)eivt

= (AG)exp[idy,] (8)

where &, = wt-k2+pe, and ¢, = koz n[wz, /2V4,].
This corresponds to a forward traveling wave. A similar
expression can be found for the J_,(x) solution, which
has a phase &, = wt+k, Z—p.. This describes a backward
propagating wave, hence our boundary condition at large
z requires the coefficient of J_, to vanish [Goertz, 1980;
Leroy, 1983]. Thus only J,, contributes to our solution.
We shall assume that the real part of v (i.e., vp)
describes the physical velocity perturbation,

vr ® (ApGy - AjGy)cos(d,) - (AjGyp + Arci)sin(f;;

Solution maller z

Near To (at small z) the WKB limit is expected to be
valid [Goertz 1980; Wright, 1987]. This requires that the
scale length of the medium be much larger than one
wavelength, ie., wz,/VA >> 1. The variable x may be
written in the following forms (using equations (3), (4)
and (6)),

R SRR W SRR

From the first expression in (10) it is evident that the
large x limit is likely to satisfy the WKB criterion given
above. To investigate this solution we shall use the
expansion given in Abramowitz and Stegun [1972], which
is valid as x » « at fixed ». The latter expression in
(10) shows this condition is achieved as VA(z)/Vp, 2 0,
and yields
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J,(x) ~ cos(x-x/4-r7/2) (2/7x)%, as x>0  (11)

Suppose that at some z, say z~, x(z") is sufficiently
large that (11) is a good approximation. Then x(z) can
be written as a Taylor series about z~ (using equations
(4) and (10)) as x(z) = g wz/Va(z'), where o, =
w(z,+2")/VA(Z") and terms in (z-z7)%/z3 and VZ(z")/VAe
have been neglected. By using this form for x in the
cosine term of (11), defining &, = ¢ —%/4, k'= WV4(z")
and K = kgz,x/2, the complex velocity field (v =
AJ elut) can be written as

v = A [ZT‘;AJ-] i‘ez/zzo. [cos(®,-zK" )coshK (12)
%o + isin(d,-zk" )sinhK]eiwt

and the real velocity component as

Vp ® i[i—x‘g—;—] iez/zzu . [Arcos (wt-zk” +, yK

-Ajsin(wt-zk™+d, )eK + A cos(wt+zk™ -q )e_K

- Asin(ut+zk” -8, )e K] (13)

The first two terms in the square brackets represent
forward propagating waves, and the last two terms
backward propagating waves. The propagation speed is
the local Alfvén speed, VA(z"). The exponential factor
toward the beginning of equation (13) produces the
well-known result of WKB theory that the amplitude of
the velocity perturbation is inversely proportional to the
fourth root of the plasma density. It is reasonable to
expect this equation to describe Alfvén wave propagation
near Jo, since a typical angular frequency for Io's waves
is 107" s71 [Goertz, 1980; Wright,[1987], z, . 1 Ry (1
Ry = 7.14 x 104 km) and VA(0) . 400 km s~'. This
yields a value of wz/Vp . 20, and means that the
wavelength of the waves near Io is much less than the
scale height of the torus. The computations presented in
Wright [1987] also show that the waves near Io propagate
according to the WKB limit.

3. Energy Fluxes and Interpretation

The steady state one—dimensional dissipation—free
problem solved in the preceding section possesses an
invariant quantity which is identified as the energy flux
(see Leroy [1985] for a more complete discussion of this
topic). For linear Alfvénic fluctuations the z component
of the energy flux is simply the Poynting flux. In order
to calculate this we must evaluate the magnetic field
perturbation (b(z)eit) in terms of the velocity field
(u(z)e'et), which can be done using Faraday's law,

iub(z) = By 252

b = i(B,A/Va,).e 2/%0.35(x) (14)

(The prime denotes differentiation with respect to x.) The
z component of the time—averaged Poynting flux is

<5,(z)> = - <Re[uei®t] Re[bel®t]>.B,/p,
- -} Re[u.b*].B, /g,

Re[ ] means the real part of the argument, and the

asterisk denotes the complex conjugate. The latter
expression in (15) may be written as
<S,(z)> = - 3 (u.b* + u*.b).By/u, (16)

On substituting u = AJ, and b from equation (14),
this becomes

-iB2|A| 2e~2/2,

<S,(z)> = —917 .
z BoVaq

J_,3;-1,32,) (A7)

The bracketed terms are the Wronskian of J_, and J,.
The Wronskian may also be written as W[J_,,J,] =
(2i/xx).sinh(kyz ,x) using result 9.1.15 from Abramowitz
and Stegun [1972]. Thus the time-averaged Poynting flux
is

<8(z)> = sinh(kyz,7).B21A12/(270zyp,) (18)

which is indeed the desired invariant, since it is
independent of z. Note that this expression is exact, i.e.,
it uses the full, unapproximated solution.

At large z the velocity perturbation is given by the
expression in (9) and the Poynting flux (18) is carried
solely by a forward propagating wave. At smaller z (if
the waves obey the WKB limit) there will be a
superposition of forward and backward propagating waves.
In this region the energy flux (18) is the difference
between that carried by the forward propagating wave and
the energy flux carried by the backward propagating
wave. In this fashion we may think of the forward
propagating wave at z = z° to be the Alfvén wave
launched from Jo, the backward propagating wave at
z = z” to be the part of Io's Alfvén wave reflected from
the inhomogeneity, and the wave at z » o to be the part
of Io's Alfvén wave that is transmitted through the torus.

To verify this interpretation, recall that the Poynting
flux carried by an individual linear Alfvén wave
propagating in a WKB medium is

S, = Re[uel®t] Re[beiwt] .By/uy = pvEVp (19)

Thus the time-averaged Poynting fluxes carried by the
transmitted wave at large z, and the forward and
backward propagating waves at z = z~ are, respectively,

<S2(z90)>¢ = pVa<VE>, (20a)
<Sz(z")>p = p(z7)W\ (27)<VZ >f (20b)
<Sz(z7 )3 = p(27)| (27)<VE > (20c¢)

It is easy to show from (9) and (13) that

<VZ>; = 41A12)G)? (21a)
<V2>p = e2K jA12/(4xx") (21b)
<Vg>p = e~ 2K jA12/(4xx") (21¢)
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where x” = x(z”). Substitution of (21a) into (20a) can be
shown to give the same Poynting flux as required by (18)
(N.B. 1G12 = sinh(kz,x)/(koz,7) [Abramowitz and
Stegun, 1972]). The difference of <§>¢ and <S>y can
also be shown to be equivalent to (18) (except for the
higher order terms neglected in the expansions of J, and
X to obtain (13)). This confirms the notion that the
Poynting fluxes in (20) can be thought of in terms of
incident, reflected and transmitted waves upon the torus
satisfying

<S>p - <S>p = <S>¢ (22)

By viewing the solution in this fashion it is possible to
calculate the energy transmission and reflection coefficients

CT = <Sz>¢/<Sz>f = 1-exp[-2%xwzZy/Vpo]
(23)

CR = <Sz>1/<S>f = exp[-270z,/Vpe]

As one would expect, the transmission coefficient
increases toward unity with increasing wave frequency.

4. Discussion

The expression for the transmission coefficient in (23)
facilitates a brief quantitative discussion. For example,
using the same parameter values found by Goertz [1980]
(w =01 rad s7', z, = 2 Ry and Vp, = 104 km s77)
yields a reflection coefficient of 1.3 x 1074, This suggests
that the wave power is almost entirely transmitted through
the torus, as one would expect if the WKB limit were
valid everywhere. We shall see below, however, that
inclusion of the additional wvariation in Alfvén speed
expected in a dipolar field gives rise to a qualitative and
quantitative difference.

The study done by Wright [1987] was numerical and
consisted of launching a variety of pulses through a
realistic field geometry and density profile. The density
distribution used in this work was based upon the
Voyager 1 plasma intrument [Bagenal et al.,, 1985; F.
Bagenal, private communication, 1986]. Wright [1987]
produced a plot showing how the fraction of incident
Poynting flux that was transmitted through the torus
varied with wave period. @ We can construct a similar
graph using equation (23) and compare it with that
derived by Wright [1987]. However, we should not
expect the two transmission coefficients to be identical,
since the model in Wright [1987] used a dipole field
geometry, had a Gaussian density distribution and
considered an isolated Alfvén wave packet. The present
study has a uniform magnetic field, exponential density
profile, and a harmonic time dependence. Nevertheless,
the two studies should show a similar behavior.

In order to compare the transmission coefficient given
in (23) with the results of Wright [1987], it is necessary
to choose suitable numerical values for the basic
parameters at some Zpin and zy.y. For zgi, we take
B, ~ 1900 nT and a plasma density of p ~ 5x104
amu/cm? (e.g., Tokar et al.,, [1982], assuming a mean
ionic mass of 25 amu). At zny., ~ 5 Ry (ie., at a
latitude of 45° on the same field line) the dipolar field
strength is B =~ 3.6x109 nT, while p = 50 amu/cm?.
These values give corresponding Alfvén speeds of
VA(Zmin) = 200 km s7', Va(Zmay) = 105 km s™1,

Therefore the effecive scale length for the variation in
the Alfvén speed is found crudely from

Va(Znax) /VA(Znin) * exp[(Zpax-2Zmin)/Z,] 24)

yielding z, ~ 0.8 Ryj. Using only the density profile of
(2) and ignoring the field variation would give a value of
z, = 2.5. Although this higher value of z, is the one
most closely related to the theoretical, uniform magnetic
field analysis of this paper, it is probably the variation in
wave speed which is more relevant to the reflection
process. Accordingly, we shall adopt a value of z, = 1
Ry for the purposes of numerical examples. This value
also corresponds to the minimum density scale length in
the model of Wright [1987], therby facilitating a
comparison between those results and the present work.
Inspection of (23) reveals that an increase by a factor of
2, say, in z, would square the reflection coefficient.

Figure 1 is a plot of the transmission coefficient
against T for the two models. The solid line represents
the results of Wright [1987], and the T axis corresponds
to the duration of the Alfvén wave packet launched form
the equator. The dashed line shows the variation of the
transmission coefficient given by equation (23), and in this
case the T axis is interpreted as the time period of the
wave. The typical value of T corresponding to Io's
Alfvén waves is 0.34 in units of Rj/Vpeq (= 179 s)
giving a wave period of 60 s, i.e., w ~ 0.1 rad s™' as
in previous work [Goertz, 1980].

The two curves in Figure 1 show qualitatively the
same behavior and suggest that at least one half of the
power in the wave launched from Io will be reflected by
the plasma torus and field inhomogeneities. The difference
between the two curves is probably due to the fact that
Wright's [1987] model used a dipolar field geometry.
The latter effect was neglected in the calculation
presented in this paper. (It should be noted that we have
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Fig. 1. The variation of the energy transmission
coefficient (Ct) with T. The solid line is the result of
Wright [1987], and the dashed line is calculated using
equation (23). T represents the duration of the pulse for
the former study, and the time period of oscillation for
the latter. The results show the same qualitative
behavior. The difference in the two models can probably
be attributed to the absence of a realistic field geometry
in the present study. (See the text for more detailed
discussion.) The period of waves that are likely to be
produced by lo is around 0.34 Rj/V e, suggesting that
not more than half of the power launched from Io will
propagate, unimpeded, beyond a latitude of 450,
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chosen z, and Vp, in order to compare our solution
with results given by Wright [1987]. The latter study
examined the propagation of waves through the torus to a
latitude of 45°, and not propagation all the way to the
Jovian ionosphere.)

Previous work [Goertz, 1980] has also studied the
power carried by waves at z = 0 and z 5 », using a
similar calculation to the one presented here, and
interpreted the difference between Poynting fluxes at
various positions in terms of the transmission and
reflection properties of the medium. We have been
unable to completely reconcile the detailed mathematical
results given there with the present work, although some
of the discrepancies are probably typographical. More
importantly, although that work derives an expression for
the Poynting flux (their equations 31,32) based on the
total velocity perturbation (equivalent to our equations
(15)-(17)). Equation (37) of that paper seems to imply
that this flux is not independent of z. Perhaps we have
misinterpreted the notation used by Goertz [1980].

5. Conclusions

In this paper we have studied how Alfvén waves
propagate through a density distribution that is similar to
that of the Io plasma torus. We are able to interpret
our solution in terms of a wave that is incident upon the
torus, a reflected wave, and a wave that is transmitted
through the torus. The solution conforms to the steady
state requirement that the net energy flux is independent
of position. The results can be compared with those of
Goertz [1980] and Wright [1987]. In the former model
the Alfvén speed changes soley due to the density
distribution. This yields a lower limit for the asymptotic
Alfvén speed, since the magnetic field strength increases
by over 2 orders of magnitude along the Io flux tube.
Using this lower limit we find that the density change of
the torus reflects a very small amount of wave power, in

qualitative agreement with Goertz [1980], despite some
mathematical discrepancies between the two solutions. The
numerical results presented by Wright [1987] employed a
realistic density variation and a dipolar background
magnetic field. In order to compare our results with this
study, we used an asymptotic Alfvén speed a factor of 7
times larger than the lower limit considered by Goertz
[1980]. We find that a significant fraction of the Alfvén
wave power launched from Io will not be transmitted
through the torus and field variations, and that internal
reflections from the Jovian magnetoplasma cannot be
neglected. At least half of the power launched from Io
will be reflected by inhomogeneities up to 45° Iatitude,
and possibly even more will be reflected from the
medium between 450 latitude and the Jovian ionosphere.
In reality the fate of the reflected component will
probably be to traverse the torus many times before
escaping to be dissipated in the ionosphere, or else it
may be coupled to other wave modes via the medium's
inhomogeneities (particularly those of the magnetic field).

Appendix

In this appendix we show how it is possible to recover
the WKB solution for the entire medium from our exact
solution v=AJ l,(x)e“"t. This is achieved by considering the
large index, 1»1, expansion described in §8.6 of Watson
[1922]. (For the example of Io's Alfvén wave propagation
1»1<1, and so the solution given in this appendix is not

applicable to that situation. However, there are many
other examples where the solution may be useful, e.g.,
isothermal atmospheres under gravity, and we give it here
for completeness.)

As |v1=wz/VA, becomes large we find that

vr(z,t) = C.[pu/p(2)]4. [Apcos (wt-pyxp)
- Ajsin(ot-pyrp) ] (A1)

where C=}.eK.[2Vp/(xwz )]t and poyp=wiZdz*/Va(z*).
This result can be found after some algebra and using
the identity arcsinh(c) = J‘%’dt/(lﬂ?)f. The expression
(Al) also agrees with the other forms derived for v,
(9).(13) when the approximations used in each calculation
are borne in mind.
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