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Trapping and excitation of modes in the magnetotail
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A slab model of the magnetotail lobes is studied, and the trapping and excitation of fast
magnetoacoustic modes is considered. The tail lobe is taken to be uniform with the magnetic-field
stretching parallel to the flow in the magnetosheath. The modes are assumed to be trapped between
free magnetopause boundaries. The ideal magnetohydrodynamic~MHD! equations are used to study
the effects of linear perturbations to this equilibrium state. It is found that the plasma parameters in
this region mean that fast magnetoacoustic waves are unlikely to be Kelvin–Helmholtz~KH!
unstable for realistic flow speeds, and in fact these modes are likely to be leaky, losing energy across
the magnetopause boundary. However, the decay rates of modes propagating both with and against
the magnetosheath flow are found to be small for reasonable plasma parameters and this boundary
may be reasonably assumed to be reflecting for the purposes of wave guide theory. Slow modes are
found to have very small growth rates and since in the magnetotail lobes the plasma beta is very low,
they are not expected to be important. ©2000 American Institute of Physics.
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I. INTRODUCTION

In this paper we examine the trapping and driving
modes in the magnetotail by the shear flow in the magn
sheath. In the magnetotail the magnetic-field lines
stretched out parallel to the flow in the magnetosheath~see
Fig. 1!. The fact that the magnetosphere has a long tail
been known since the proposal of the open magnetosp
model by Dungey~1961!.1 Dungey ~1965!2 calculated the
length of the magnetotail using the fact that reconnected fi
lines are connected to the Earth via the polar caps. Know
the electric and magnetic-field strengths at the caps,
speed at which a field line would move across the cap
calculated and thus the time taken for a field line to conv
from the reconnection point at the nose of the magnetosp
to the point at which the lines reconnect in the tail could
calculated. Multiplying this time by the solar wind spee
Dungey obtained a value of about 1000RE for the length of
the magnetotail. Magnetometer data show observation
oscillations with frequencies of the order of millihertz an
lower @Herron~1967!3# and eigenfrequencies of the right o
der have been found by McClay and Radoski~1967!4 using a
cylindrical magnetotail~the ‘‘theta’’ model!. The magnetic
field in the theta model was taken to be uniform in the t
and bottom of the wave guide, but with a reversal of dire
tion across the middle. Models including the plasma sh
were also developed@Siscoe~1969!;5 McKenzie ~1970b!6#.

More recently work has included the behavior of wav
in the high-density plasma/current sheet at the center of
magnetotail@e.g., Seboldt~1990!;7 Liu et al. ~1995!8#. It has
been shown that waves may be trapped in the low Alfv´n
speed region at the center of a current sheet@Edwin et al.
~1986!;9 Smith et al. ~1997!10#.

Pu and Kivelson~1983!11 modeled the surface waves

a!Electronic mail: andy@dcs.st-and.ac.uk
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the magnetopause for a magnetotail like geometry. T
considered an infinite uniform region on either side of t
magnetopause with both the magnetic fields in the magn
sphere and magnetosheath being parallel to the flow in
magnetosheath. They showed that the flow speed at the o
of the instability of the fast surface mode varies little wi
the angle of propagation and was close to the onset of
instability for an incompressible plasma.

Elphinstoneet al. ~1995!12 observed fast waves travelin
towards the Earth using the IMP 8 satellite. These mo
were linked with a source 30RE down tail and indicated tha
the magnetotail could act like a wave guide for these mod
Allan and Wright~1998!13 showed that the nonuniform na
ture of the magnetic field allows these fast wave gu
modes to couple to Alfve´n waves in the outer tail which will
travel earthward faster than the fast modes that are confi
to the middle of the tail.

In this paper we study the nature of the magnetosph
boundary in the tail, and thus examine the ability of t
magnetotail to trap and excite modes between the north
and southern magnetopauses for a slab model of the ma
totail. Our calculation is best thought of as an extension
the models which have a single magnetopause separa
two semi-infinite media@e.g., McKenzie~1970a!;14 Pu and
Kivelson ~1983!11#. Our calculation includes a finite siz
magnetotail wave guide, in contrast to the semi-infinite t
lobe of these studies. We are primarily concerned with
effect of a finite width tail, and so take a uniform tail in th
preliminary investigation, rather than including a realis
plasma sheet, lobe and mantle structure. We are able to
sider both symmetric or antisymmetric modes, and in t
paper focus upon those with a node of normal plasma
placement at the tail center as these should be relevan
studying sub-storm-related phenomena. It was shown
the trapping and excitation of modes in the magnetosph
flanks is determined by the local properties of the plasm
2 © 2000 American Institute of Physics
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1573Phys. Plasmas, Vol. 7, No. 5, May 2000 Trapping and excitation of modes in the magnetotail
either sides of the magnetopause@Mills et al. ~1999!;15 Mills
and Wright~1999!16# which is true in this case also, and s
we model our tail as effectively and extended lobe.

The structure of this paper is as follows: In Sec. II we
up our model, the results for slow modes are summarize
Sec. III, and the results for fast modes are presented in
IV. Finally, in Sec. V we summarize our results and discu
the consequences for the magnetotail.

II. MODEL AND EQUATIONS

We consider a straight bounded model of the magne
tail lobe with a free boundary connecting it to the magne
sheath so that energy from the magnetosheath flow may
into the magnetotail and drive unstable modes, while le
modes may lose energy from the tail into the magnetoshe
The magnetotail is taken to have a uniform straight equi
rium magnetic-fieldB in the y direction, and a nonzero
plasma pressure,P1 , and densityro1 ~see Fig. 2!. The model
magnetosheath has no equilibrium magnetic field, a fin
plasma pressure,P2 , and density,ro2 and is taken to be
flowing in the y direction with a uniform speed,vo .
Throughout this paper we will use quantities normalized
the equilibrium density and sound speed,cs2 in the magne-
tosheath and the depth of the tail lobe,d. Plasma pressure i
normalized by the quantityGP2 , magnetic fields by
AGP2mo, whereG is the ratio of specific heats, and time b
d/cs2 .! Thus we take the magnetopause to be situatedx
51 and from here-on in, all quantities referred to will b
taken to be in normalized units.

FIG. 1. A schematic diagram of the geometry in the magnetotail. We h
taken a cut from North to South and the Earth is to the left in this pictu
Downloaded 01 Feb 2008 to 138.251.201.127. Redistribution subject to AI
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We add a small perturbation to each of our equilibriu
quantities and normalize and Fourier analyze the ideal M
equations to obtain our dispersion relation

eS v22k2va1
2 cos2 a

m1
D S exp~ im1!1exp~2 im1!

exp~ im1!2exp~2 im1! D2
v82

m2
50,

~1!

wherev is the frequency of the oscillations which we allo
to be complex so thatv5v r1 iv i , k5(0,ky ,kz) is the
wave vector tangential to the magnetopause boundary,a is
the angle between the wave vector and the equilibrium m
netic field, e5ro1 /ro2 is the ratio of the inner and oute
densities, andm1 and m2 are the wave numbers in thex
direction in the magnetotail and magnetosheath, respectiv
These wave numbers are defined as

m1
25

~v22k2cf
2!~v22k2cslow

2 !

~cf
21cslow

2 !~v22k2cT
2!

, ~2!

m2
25

v822k2cs2
2

cs2
2 , ~3!

where cf and cslow are the fast and slow magnetoacous
speeds in the magnetotail respectively, given by

cf /slow
2 5 1

2~~va1
2 1cs1

2 !

1/2A~va1
2 1cs1

2 !224va1
2 cs1

2 cos2 a!, ~4!

with va1 andcs1 defined as the sound and Alfve´n speeds in
the magnetotail, respectively.cT is the tube speed along th
wave vector defined by

cT
25

cf
2cslow

2

cf
21cslow

2 5
va1

2 cs1
2

va1
2 1cs1

2 cos2 a, ~5!

and v85v2kvo cosa is the Doppler-shifted frequency in
the rest frame of the magnetosheath. Whenv is purely real
~i.e., the modes are stable! we may classify the modes a
either body or surface modes. This is defined by the sign
m1

2. If m1
2,0 ~so thatv/k,cT or cslow,v/k,cf! the modes

are surface modes and have an evanescent character i
magnetotail lobe. The dispersion relation for stable surf
modes may be written as

e
.

ter
tanh~n1!5
e

cs2

~v22k2va1
2 cos2 a!

~v2kvo cosa!2 A~cs2
2 2~v2kvo cosa!2!~cf

21cslow
2 !~v22k2cT

2!

~k2cf
22v2!~v22k2cslow

2 !
, ~6!

wheren1
252m1

2. Whenm1
2.0 ~so thatcT,v/k,cslow or v/k.cf! we find body modes, which have an oscillatory charac

in the magnetotail lobe. The dispersion relation for stable body modes may be written as

tan~m1!5
e

cs2

~v22k2va1
2 cos2 a!

~v2kvo cosa!2 A~cs2
2 2~v2kvo cosa!2!~cf

21cslow
2 !~v22k2cT

2!

~v22k2cf
2!~v22k2cslow

2 !
, ~7!
P license or copyright; see http://pop.aip.org/pop/copyright.jsp
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When the modes are unstable (v iÞ0) the modes cannot b
classified so neatly into body and surface modes. Indeed
both the magnetotail and the magnetosheath, an uns
mode will have an oscillatory character with a growth
decay envelope. We will then be able to classify modes o
by their dominant spatial behavior in the magnetotail.

We have assumed the normal plasma displacemen
antisymmetric aboutx50 and the boundary conditions at th
magnetopause are the total pressure and displacement i
x direction are continuous. In the magnetosheath we use
condition that thex component of the group velocity in th
magnetosheath plasma rest frame must be directed a
from the magnetopause~it must be positive! which gives the
condition that

Re~v8!Re~m2!1Im~v8!Im~m2!.0, ~8!

and when the modes are stable, we require the mode
decay into the magnetosheath so that

Im~m2!.0. ~9!

Although the group velocity of the waves is a well-defin
and meaningful quantity for realv8 and m2 , when these
quantities are complex it is not so obvious that the ab
boundary conditions are appropriate. We can convince o
selves of their correctness by other considerations. For
ample, in the magnetosheath rest frame, we could req
that the time-averaged energy flux of the wave be direc
away from the magnetopause. Alternatively, we could c
sider an initial-value problem formulation in terms of
Fourier–Laplace integral. If the perturbation is to vanish
infinity then roots on the ‘‘physical’’ Riemann sheet@i.e.,
with Im(v8).0# must have Im(m2).0. Similarly, roots on
the ‘‘unphysical’’ Riemann sheet@i.e., with Im(v8),0# must
have Im(m2),0. These requirements are equivalent to tho
stated above. Such boundary conditions were used by M
et al. ~1999!17 and Mills et al. ~1999!15 who also showed tha
stable modes may only exist ifm2

2,0 so thatm2 is purely
imaginary. From Eq.~3! this gives a necessary condition fo
the existence of stable or trapped modes, i.e.,

vo cosa2cs2,vph,vo cosa1cs2 . ~10!

We may further classify these modes as either fast~having
v r /k.cslow! or slow ~havingv r /k,cslow!.

Figure 3 shows the regions ofvph2a space for which
stable modes may exist as the region with negatively slo
shading, and the regions for which we would expect sta
modes to be oscillatory in the magnetosphere~we expect to
find body modes! as regions with positively sloped shadin

FIG. 2. A schematic representation of the northern half of our boun
magnetotail model.
Downloaded 01 Feb 2008 to 138.251.201.127. Redistribution subject to AI
in
ble

ly

is

the
he

ay

to

e
r-
x-
re
d
-

t

e
nn

d
le

The unshaded regions are those where we would expe
find modes that are evanescent in the magnetosphere~surface
modes! if the modes were stable. The overlap of the shad
regions indicates the regions of parameter space in which
would expect to see stable body modes and the overlap
tween the region where stable modes may exist and the
shaded regions show where we would expect to find sta
surface modes. In this figure we have takenb50.5, e
5r1 /r250.192 andvo54.

Measurements of magnetopause crossings in the
show that the density ratio between the magnetosphere
magnetosheath can lie anywhere within the range 0.01,e
,0.2. We have chosen a value close to the upper end of
range as this allows us to see unstable modes for lower
speeds. Figure 4 shows the dependence of the characte
wave speeds in the magnetosphere on the density ratioe. We
can see that, when the density range is lowest, the fast, s
and tube speeds become much larger than the sound spe
the magnetosheath and since the onset of instability for
fast body modes~for example! requires that

d

FIG. 3. The variation of the regions of phase speed~given in units ofcs2!
where different mode types may exist with propagation anglea. Of the
dotted lines,a is the magnetosheath sound speed (cs2), b is the tube speed
@cT(a50)# in the magnetosphere whena50, c is the sound speed in the
magnetosphere (cs1) andd is the Alfvén speed in the magnetosphere (va1).
Of the solid curves,f is the lower cutoff for stable modes (vph5vo cosa
2cs2), g is the corresponding upper cutoff (vph5vo cosa1cs2), the fast
speed is given by curveg while the curves of the slow speed,cslow and tube
speed,cT are indicated by the arrowsi andh, respectively. Here as in mos
of the following diagramsb50.5, G55/3, ande50.192. We have also
takenvo54.0.

FIG. 4. The variation of the characteristic wave speeds in the magn
sphere as a function of the density ratio,e. The sound speed in the magne
tosheath,cs2 , is shown as a solid line, the tube speed in the magnetosph
cT , is shown as a dotted line, with the slow speed,cslow represented by a
dashed line, and the fast speed,cf , as a dot–dashed line. We have take
a50 in this figure.
P license or copyright; see http://pop.aip.org/pop/copyright.jsp
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1575Phys. Plasmas, Vol. 7, No. 5, May 2000 Trapping and excitation of modes in the magnetotail
vo.
cf1cs2

cosa
, ~11!

we can see that we would require very large values of
sonic Mach number,vo in the magnetosheath in order for th
modes to become unstable. Indeed, for the trapping of
body modes we require

vo.
cf2cs2

cosa
, ~12!

which would still be very high.

III. SLOW MODES

The slow modes are unlikely to be important in the ma
netotail since the plasma beta in the tail lobes tends to
very low @typically of the order of 1024, Saunders~1991!18#
and so these modes will have very low growth rates. Ho
ever, we have taken the plasma beta to be of the order
half throughout this paper in order to properly understand
modes in the magnetotail. The behavior of both the sl
body and surface modes is very similar to that in the fla
case@Mills et al. ~1999!15# and so we merely summarize th
main properties here.

The slow body modes have phase speeds in the ran

cT,vph,cslow, ~13!

whether they are stable, leaky, or unstable. These mode
come unstable when the phase speed crosses the lower c
@vph5vo cos(a)2cs2# and the growth rates are small an
bounded for all values ofk andvo .

The slow surface modes are stable when there is no
speed and there is a stable mode propagating in the s
direction as the flow and one propagating in the oppo
direction. As the flow speed the flow speed increases,
phase speed of the modes increases, and these modes
lesce to form one unstable slow surface mode~there is only
one since the outgoing boundary condition precludes
other complex solution to the dispersion relation!. The phase
speed of this unstable mode increases through the ra
where slow body modes exist@Eq. ~13!#. When the phase
speed is above the fast speed, the mode restabilizes and
into two stable fast surface modes. Using the definition of
wave energy that

E}v r

]D

]v r
, ~14!

whereD is the dispersion relation and is defined such thaE
is positive for any mode when there is no flow in the ma
netosheath@see Cairns~1979!;19 Mills et al. ~1999!15#, we
find that one of these fast surface modes has negative en
and one has positive energy. The positive energy mode h
lower phase speed, and as the flow speed continues t
crease, the phase speed tends to the slow speed,cslow, and
the mode becomes unstable having a small bounded gro
rate. The upper, negative energy mode, goes on to coal
with the positive energy fast surface mode and becomes
stable. This behavior is shown in Fig. 5.
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The growth rate of the unstable slow surface mode
unbounded ink, however, whenb is small, this mode will be
unstable only for a very small range of very lowv0 ~it is
unstable forcT1cs2&vo&cslow1cs2! and is unlikely to be
relevant to the magnetotail.

IV. FAST MODES

A. aÅ0

First we investigate the properties of the fast surface
body modes whenaÞ0. Figure 6 shows the dependence
the phase speed and growth rate of the fast surface mod
k whena5p/6 for various values ofvo . Whenvo50 ~solid
line! the mode is leaky with a small bounded negati
growth rate. The mode is stable in the case whenvo52 and
the phase speed is almost constant for allk. As vo continues

FIG. 5. The phase speeds~a! and ~c! and growth rates~b! and ~d! of the
fundamental slow surface modes as functions ofvo when k53 and a
5p/6 ~a! and~b! anda5p/4 ~c! and~d!. In each case we have shown bo
the modes with positive and negative phase speed whenvo50. We have
also shown the fast surface mode which is leaky whenvo50 in the case
a5p/6 ~this occurs whenvph.vo cosa1cs2, and occurs only very close to
vo50, with very small growth rates which cannot be seen on this plot!. The
diamonds mark the points where modes coalesce predicted by the me
described in Millset al. ~1999! ~Ref. 15! and outlined in Sec. IV. The
diagonal dot–dashed lines show the upper and lower cut-off speedsvph

5vo cosa6cs2 and the lower and upper dashed lines show the character
phase speeds,cT andcslow , respectively.

FIG. 6. The dependence of the phase speed~a! and growth rate~b! of the
fast surface mode onk whena5p/6 andvo50 ~solid line!, vo52 ~lower
dashed line!, vo53.25 ~dot–dashed line!, vo56 ~triple dot–dashed line!,
andvo510 ~long dashed line!. The dotted line indicates the value of the fa
speed,cf , in the magnetosphere. The upper dashed line in~a! shows the
phase speed of the stable fundamental fast body mode whenvo52.
P license or copyright; see http://pop.aip.org/pop/copyright.jsp
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to increase, having first an unbounded growth rate~vo

53.25—dot–dashed line! and then a bounded one~vo56,
10, triple dot–dashed line and long dashed line, resp
tively!. When the growth rate becomes bounded, we find
the phase speed tends tocf as k→`. We have also shown
the curve for the stable fundamental fast body mode w
vo52. Note that this mode and the stable fast surface m
may coexist for the same phase speed.

1. Fast surface modes

Figure 7 shows the evolution of the fast surface mo
with vo for various values of the tangential wave numberk.
The phase speed is almost independent ofk for all values of
vo , however, when the mode is first unstable, the growth r
scales linearly withk ~so that the growth rate is unbounded!,
and is then discontinuous at the point at which it becom
bounded ink in Fig. 6, i.e., whenvo'3.75.

Now we investigate the onset of instability of the
modes for different values ofa. Figure 8 is a contour plot o
the growth rate of the fast surface mode againstvo anda for
k510. We can see that, unlike the flank case, the flow sp
at the onset of instability varies very little with angle. In fac
the onset of instability occurs whenvo is close to the Alfve´n
speed, a result which is in good agreement with Sen~1964!20

and Ruderman and Wright~1998!.21 The contour plot also
shows that the maximum in growth rate for any flow spe
occurs whena'p/4. Walker~1981!22 showed that the maxi
mum growth rate of modes propagating in a system wh
the field and flow are at an arbitrary angle to one anot
occurs when the propagation of the modes is close to

FIG. 7. The dependence of the phase speed~a! and growth rate~b! of the
fast surface mode onvo when a5p/6 andk53 ~dot–dashed line!, k55
~dashed line!, andk57 ~triple dot–dashed line!. The dotted line indicates
the position of the fast speed,cf in the magnetosphere.

FIG. 8. A contour plot of the growth rate,v i , of the fast surface mode
againstvo anda. The dot–dashed line shows the onset of instability.
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pendicular to the direction of the magnetic field—therefo
minimizing the stabilizing effect of magnetic tension. Her
there is no component of the flow perpendicular to the m
netic field and the modes are stable there. Thus the maxim
in the growth rate here will occur at an intermediate angle
which the destabilizing effect of the flow dominates over t
stabilizing effects of magnetic tension.

2. Fast body modes

In Fig. 9 we show the dispersion diagrams of the fa
body modes when they are stable. We have takena5p/6
andvo53 so that

cf2cs2

cosa
,vo,

cf1cs2

cosa
, ~15!

is satisfied. In Fig. 9~a! we can see that the phase speed
each mode decreases and tends towardscf ask→`. In Fig.
9~b! we have plotted thex component of the magnetospher
wave numbers,m1 , for each mode. When the phase speed
a mode isvo cosa1cs2 the real part ofm1 is an integer
multiple of p. This can be seen from the governing equati
for stable body modes@Eq. ~7!#. At this value of the phase
speed, the right hand side of Eq.~7! disappears, so that

tan~m1!50, ~16!

thus,m1 must be a whole multiple ofp. As k increases the
phase speed decreases andm1 increases reachingm15(2n
11)p/2 whenvph5vo cosa @shown by a dotted line in Fig
9~a!#, at which pointm1 has a maximum and then decreas
slightly before increasing and tending back towardsm1

5(2n11)p/2 asvph→cf and k→`. This maximum may
be explained by noting that, in the dispersion relation
stable body modes@Eq. ~7!#,

tan~m1!}
1

~vph2vo cosa!2 , ~17!

so that tan(m1)→` as the phase speed approachesvo cosa
from both above and below. Therefore, the value of the
term increases to infinity as the phase speed decrease
wards vo cosa, and then decreases again~remaining posi-

FIG. 9. The dependence of the phase speed~a! andx component of the wave
number in the magnetosphere~b! of the stable fast body modes onk when
a5p/6 andvo53. The dashed line in~a! indicates the value of the fas
speed,cf , in the magnetosphere, while the dot–dashed line shows the u
limit for the existence of stable modes,vph5vo cosa1cs2. The dotted line
showsvph5vo cosa. The dashed lines in~b! indicate integer multiples of
p/2.
P license or copyright; see http://pop.aip.org/pop/copyright.jsp
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tive! as the phase speed continues to decrease. Thusm1 in-
creases tom15(2n11)p/2 and then decreases as the ph
speed continues to decrease.

Figure 10 shows the phase speed and growth rate o
first two harmonics whenvo55 and a5p/6 ~so that
vo cosa.cf1cs2! in which case the modes are unstable.
for the flank case studied by Millset al. ~1999!15 we find that
there are two stable fast body modes for each harmoni
positive and a negative energy wave and that the onset o
instability occurs when these two modes coalesce. The
monds in Fig. 10~a! shows the point where the coalescen
of the modes is predicted to occur by the method detaile
Mills et al. ~1999!.15 This is done by finding double roots o
the dispersion relation~roots such that the dispersion relatio
is satisfied and the derivative of the dispersion relation w
respect to the phase speed,vph, is also zero!. The growth
rates of these modes once they are unstable are bound
this case. However, as with the flanks case there will alw
be one fast mode which has unbounded growth rate and
a dominantly surface mode character.

B. aÄ0

We now consider the dispersion of the fast surface
body modes when the propagation of the modes is paralle
both the magnetospheric magnetic field and the flow in
magnetosheath.

Figure 11 shows the dispersion of the fast modes w
vo52.5 anda50, i.e.,

vo cosa2cs2,cf,vo cosa1cs2 , ~18!

and we would expect the fast body modes to be stable fo
k. The second, third, and fourth body mode harmonics
indeed stable for allk and havevph→cf ask→`. However,
the phase speed of the fundamental body mode decre
throughcf ~the mode remains stable through this transitio!
and coalesces with the fast surface mode, becoming unst
This fast surface mode is the one with negative ene
formed when the slow surface mode restabilizes. This beh
ior is totally different to that found for these modes wh
aÞ0 ~shown in Fig. 9!. Once the two modes have coalesce

FIG. 10. The dependence of the phase speed~a! and growth rate~b! of the
fast body mode harmonics onk whena5p/6 andvo55. The dashed line in
~a! indicates the position of the fast speed,cf in the magnetosphere, while
the dot–dashed lines shows the upper and lower limits for the existenc
stable modes,vph5vo cosa6cs2.
Downloaded 01 Feb 2008 to 138.251.201.127. Redistribution subject to AI
e

he

s

a
he
a-

in

h

in
s
as

d
to
e

n

ll
re

ses

le.
y
v-

,

the growth rate is unbounded ask increases, but the phas
speed remains constant below the fast speed. The p
where the two modes coalesce may be predicted using
same method as that for the case whenaÞ0.

Figure 12 shows the real~solid lines! and imaginary
~dot–dashed lines! parts of thex component of the wave
number in the magnetosphere for the modes shown in
11. The dashed lines indicate integer multiples ofp/2. For
the higher harmonics, the wave number isnp when the
phase speed isvo1cs2 . As k increases, the phase speed d
creases andm1 increases reaching a maximum whenvph

5vo . At this point, the right-hand side of Eq.~7! becomes
infinitely large so thatm15(2n21)p/2. Then, increasingk
further, the phase speed continues to decrease approa
cf . Now the wave numbers tend back towardsm15np.
Again, this is different to theaÞ0 case wherem1→(2n
21)p/2 for largek. The reasons for these discrepancies
behavior will be explained in Sec. IV C. The following prop
erties ofm1 can be seen from Eq.~7!: The wave number of
the fundamental mode is zero whenk50 andv r /k is finite.

of

FIG. 11. The dependence of the phase speed~a! and growth rate~b! of the
fast body mode harmonics and the fast surface mode onk whena50 and
vo52.5. The dashed lines in~a! indicate the values of the fast speed,cf , the
slow speed,cslow , and the tube speed,cT , in the magnetosphere, while th
dot–dashed lines show the upper and lower limits for the existence of st
modes,vph5vo cosa6cs2. The lower mode for smallk in ~a! is the nega-
tive energy fast surface wave.

FIG. 12. The dependence of thex component of the wave number in th
magnetosphere,m1 , on k whenvo52.5 anda50. The solid lines show the
real parts of the wave number and the dot–dashed lines show the imag
parts. The dashed lines show integer multiples ofp/2. The dot–dashed line
for low k corresponds to the negative energy fast surface wave show
Fig. 11.
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It then increases ask increases reaching a maximum wh
vph5vo andm15p/2. As the phase speed of the mode d
creases throughcf , the numerator of Eq.~3! vanishes and
the real part of the wave number decreases to zero.
imaginary part of the wave number becomes nonzero w
vph,cf , i.e., the mode becomes a fast surface mode. Ak
increases further the positive and negative energy fast
face modes coalesce and become unstable, and at this
the wave number becomes complex.

In Fig. 13 we see the variation of the behavior of th
fast mode withvo for various values ofk. For all values ofk
the mode is a leaky fast surface mode for lowvo , and be-
comes a stable fast surface mode whenvo5cslow2cs2

~which is the first speed at whichm2 may be purely imagi-
nary for phase speeds for which the mode is a fast sur
mode!. The phase speed of the mode then increases av0

increases and crosses the linevph5cf . At this point the
mode becomes a stable fundamental body mode@which has
m1 purely real, see Eq.~3!#. The phase speed increases to
maximum, with the maxima occurring at larger values ofvph

for smaller values ofk ~since the phase speed of a fast bo
mode decreases ask increases! and then decreases to th
point at which the instability begins. Fork510 ~solid line!
andk57.5 ~dashed line! the onset of instability occurs whe
the phase speed is below the fast speed. Therefore, for t
values ofk, the mode becomes a stable fast surface m
again just before the onset of the instability. For lower valu
of k, the onset of instability occurs for phase speeds ab
the fast speed, so that the mode remains a stable fast
mode up to the point at which the instability begins. Th
mode is the upper~coalescing! mode shown in Fig. 11~a! the
lower mode comes from the restabilization of the unsta
slow surface mode into a fast surface mode as discusse
Sec. III and is a negative energy wave. The transition of
fast surface mode into a fast body mode occurs for low
flow speeds ask decreases, and ask→0, the point of transi-
tion occurs when

vo5cf2cs2 . ~19!

FIG. 13. The dependence of the phase speed~a! and growth rate~b! of the
fundamental fast body mode harmonics/the fast surface mode onvo when
a50 andk510 ~solid line!, k57.5 ~dashed line!, k55 ~dot–dashed line!,
k52.5 ~triple dot–dashed line!, andk50.5 ~long dashed line!. The dotted
lines in ~a! indicates the fast speed,cf , and the slow speed,cslow , in the
magnetosphere, while the diagonal dot–dashed lines shows the uppe
lower limits for the existence of stable modes,vph5vo cosa6cs2.
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It is interesting to note that in this case, the positive ene
fast surface mode and the fundamental fast body mode
not coexist. Indeed, for any flow speed and givenk, only one
of these modes may exist and in analysing the chang
these modes with a change in flow speed, we find that
phase speed of the mode may cross the linevph5cf continu-
ously asm1 vanishes. Roberts~1981!23 studied the dispersion
of field aligned modes in a slab model without flow an
found only either fast body modes or fast surface modes
any set of parameters~see Fig. 1 of that paper!. When a
Þ0 the stable fast surface mode and fundamental body m
may both exist for some values ofvo . The reasons for this
discrepancy are explained in Sec. IV C.

Figure 14 shows the phase speed~solid lines! and
growth rate~dot–dashed lines! of this mode as functions ofk
for various values ofvo . In Fig. 14~a! we have takenvo

52 and here the mode is a stable fast body mode for ak,
with vph→cf

1 as k→`. The slow surface mode has no
restabilized to become a fast surface mode yet for this fl
speed and so this mode is not plotted here. In Fig. 14~b! we
have increased the flow speed tovo52.5 ~which is the case
shown in Fig. 11! we see that the upper mode is a fast bo
mode for smallk, becoming a fast surface mode just befo
becoming unstable ask increases. The lower mode in th
figure is the negative energy fast surface mode. Whenv0

53 @in Fig. 14~c!#, the negative energy mode has pha
speed just below the fast speed whenk→0 so that it is a fast
surface mode here. Ask increases, the mode becomes a f
body mode, coalescing with the upper mode to become
stable. Whenvo52.5, the mode is dominantly a surfac
mode ask→`, however, whenvo53, the real part ofm1

grows faster than the imaginary part. Finally, in Fig. 14~d!,
the flow speed is increased tovo54, and the modes are bot
fast body modes for smallk. For largek, the growth rate is
bounded.

Finally, we look at the behavior of a fast body mod
with negative phase speed~corresponding to a mode propa
gating earthwards in the magnetotail!. Figure 15 shows the

and
FIG. 14. The phase speed~solid lines! and growth rate~dot–dashed lines! of
the fundamental fast mode and the negative energy wave~where applicable!
as functions ofk whena50 and~a! vo52, ~b! vo52.5, ~c! vo53, and~d!
vo54. The dashed lines show the value of the fast speed,cf .
P license or copyright; see http://pop.aip.org/pop/copyright.jsp
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phase speed and growth rate of the second harmonic
body mode as functions of the flow speed in the magne

FIG. 15. The dependence of the phase speed~a! and growth rate~b! of the
second fast body mode harmonic onvo whena50 andk55. The diagonal
dot–dashed lines shows the upper and lower limits for the existenc
stable modes,vph5vo cosa6cs2.
l
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-
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sheath. Modes with negative phase speed are stable whe
phase speed satisfies the same inequalities as for pos
phase speed@Eq. ~10!#. In this case we find the mode i
unstable for large negative flow speeds, becomes st
while the flow speed is still negative, and as the flow spe
increases, the mode becomes leaky. This is different to
modes with positive phase speed which are leaky for low~or
negative flow speeds! and unstable for high flow speed
Thus we would expect modes propagating towards the e
in the magnetotail to be leaky. However, we find that t
decay rate,v i , approaches zero as the flow speed increa
so that the modes will not loose energy very quickly as th
propagate towards the earth ifvo is sufficiently large.

C. Explaining the difference between aÅ0 and aÄ0

The dispersion relation for stable fast body modes is

of
tan~m1!5
e

cs2

~vph
2 2va1

2 cos2 a!

~vph2vo cosa!2 A~cs2
2 2~vph2vo cosa!2!~cf

21cslow
2 !~vph

2 2cT
2!

~vph
2 2cf

2!~vph
2 2cslow

2 !
, ~20!

while that for stable fast surface modes is

tanh~n1!5
e

cs2

~vph
2 2va1

2 cos2 a!

~vph2vo cosa!2 A~cs2
2 2~vph2vo cosa!2!~cf

21cslow
2 !~vph

2 2cT
2!

~cf
22vph

2 !~vph
2 2cslow

2 !
, ~21!
ay
This

des
an

e this
a-

a
he

ode.

ast
d at
wherem1 is the wave number in thex direction in the mag-
netosphere andn15 im1 . Examining this equation we find
different behaviors in the two cases~i! aÞ0, and~ii ! a50.
Taking the first case and lettingvph→cf on the right-hand
side of Eqs.~20! and ~21! we find that

utan~m1!u→` and utanh~n1!u→`, ~22!

respectively. Therefore, whenvph→cf
1 ~body modes!

m1→
~2n11!p

2
. ~23!

However, whenvph→cf
2 ~surface modes! there are no rea

values ofn1 which satisfy the equation, and thus there m
be no stable surface modes with phase speeds close tocf .

Conversely, whena50, cf5va1 and the dispersion re
lation for stable body modes reduces to

tan~m1!5e
A~vph

2 2va1
2 !~cs2

2 2~vph2vo cosa!2!

cs2~vph2vo cosa!2

3A~cf
21cslow

2 !~vph
2 2cT

2!

~vph
2 2cslow

2 !
, ~24!

and the equation for fast surface modes reduces to
y

tanh~n1!5e
A~va1

2 2vph
2 !~cs2

2 2~vph2vo cosa!2!

cs2~vph2vo cosa!2

3A~cf
21cslow

2 !~vph
2 2cT

2!

~vph
2 2cslow

2 !
. ~25!

Thus whenvph→cf
1 , tan(m1)→0 so that

m1→np, ~26!

and whenvph→cf
2 , tanh(n1)→0 and, therefore,

m1→0. ~27!

In other words, both stable body and surface modes m
have phase speeds close to the fast speed in this case.
explains how, in this case, the character of the fast mo
may change smoothly between having an oscillatory and
evanescent character in the magnetosphere. We can se
transition in Fig. 11~a! when the phase speed of the fund
mental fast cavity mode decreases to belowcf while the
mode is still stable~therefore, changing from a body to
surface mode!. In Fig. 14~c! we see the phase speed of t
fast surface mode increasing throughcf , so in this case the
mode changes from a fast surface mode to a fast body m

V. DISCUSSIONS AND CONCLUSIONS

We have investigated the trapping and excitation of f
modes in the magnetotail. We have found that the spee
P license or copyright; see http://pop.aip.org/pop/copyright.jsp
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which fast surface modes first become unstable varies l
with the direction in which the modes are propagating. T
is in agreement with the results found by Pu and Kivels
~1983!.11 However, we did not find the upper cutoff spee
reported by Pu and Kivelson.11 This is because the bounde
magnetotail does not allow the energy released by the in
bility to be carried away from the boundary to infinity. Fo
our equilibrium the maximum growth rate of these modes
found to occur at an angle of aboutp/4. This is due to the
stabilizing force of the magnetic tension and the destab
ing effect of the flow varying with angle. Walker~1981!22

found that the most unstable modes propagate at angles
to perpendicular to the magnetic field. In our model, the fl
has no component perpendicular to the magnetic field, so
maximum growth rate will occur at some intermediate po
tion.

Fast body modes may first become unstable w
vo cosa5cf1cs2, so that modes propagating parallel to t
flow and magnetic field will become unstable first. We fou
that the behavior of both the fast surface mode and the
body mode is different for modes propagating parallel to
magnetic field than for those propagating perpendicular to
Only one of the stable fundamental fast body mode and
stable fast surface mode~having positive energy! may exist
for any given flow speed whena50, and the phase speeds
these modes may change continuously acrossvph5cf .
WhenaÞ0, these modes are separate and the phase spe
the fast surface mode may not approach the fast speed.

We take the width of the magnetotail to be 25RE and the
sound speed in the magnetosheath as 100 km/s. Althoug
have used a density ratio of 0.192 in our calculations,
was merely for convenience so we could calculate the qu
tative behavior of the modes without needing to have ove
high flow speeds. A more realistic value of the density ra
would be 0.02, corresponding to an Alfve´n speed of abou
700 km/s. With typical magnetosheath flow speeds of 5
km/s, and the onset of instability for the fast surface mo
being close to the Alfve´n speed, we can see that the fa
magnetopause surface mode is unlikely to be KH unstabl
this region. Ruderman and Wright~1998!21 discussed this
behavior and showed that below the critical speed for the
instability ~KHI !, negative energy surface waves may prop
gate on the magnetopause. These may drive Alfve´n reso-
nances within the magnetotail and when this occurs the
face mode becomes unstable and both the surface mode
the resonance grow. Therefore, any unstable modes obse
on the magnetopause are likely to be caused by this reso
interaction between negative energy waves and Alfv´n
waves rather than directly by the KHI.

Fast body modes propagating away from the Earth m
become unstable whenvo.cf1cs2 , corresponding to a
speed of 800 km/s, and they are trapped whencf2cs2,vo

,cf1cs2 , corresponding to a speed of 600–800 km/s
dimensional units. Thus, these modes will become trap
only at times of high solar wind flow.

We have also found negative energy waves, although
do not drive any Alfve´n resonances as our magnetotail
taken to be uniform and the velocity shear is a vortex sh
We have shown that these unstable modes correspon
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modes which propagate in a positive direction in the r
frame of the magnetosheath, but in a negative direction in
magnetospheric rest frame. The onset of instability occur
the coalescence of positive and negative energy waves.

Observations of oscillations in the magnetotail show t
fast modes may be excited down tail and propagate ea
ward @Elphinstone et al. ~1995!12#. Models of this have
tended to treat the magnetopause as a perfectly reflec
boundary trapping these modes within the magnetotail@e.g.,
Allan and Wright~1998!;13 Wright ~1994!24#. An important
consequence of our model is that we may better unders
the nature of the interaction of these modes with the mag
topause. We have shown that modes propagating toward
Earth in the magnetotail~i.e., those modes which have neg
tive phase speeds! are leaky for positive flow speeds. In fac
the modes are leaky for any flow speed that satisfiesvo

.cs22cf , or in dimensional unitsvo.2600 km/s, so they
will certainly be leaky for any realistic flow speed. Howeve
the growth rate~or in this case, the decay rate! of each mode
becomes very small as the flow speed increases. There
we expect the modes to be essentially stable and for
majority of the wave energy to be reflected from the mag
topause. We conclude, therefore, that the assumption
reflecting magnetopause in the wave guide models is a
sonable approximation.

The dimensional frequency of the fast wave guide mo
in our model is about 4 mHz which is of the same order
magnitude as those observed@e.g., by Herron~1967!8#.

Overall we have found that the magnetotail will b
stable to the Kelvin–Helmholtz instability for most values
the flow speed in the magnetosheath. However, both ea
ward and tailward propagating fast body modes will be lea
with small decay rates, and will lose only a small amount
energy as they reflect from the magnetopause, so that t
ing the magnetosphere in this region as a perfect reflecto
a reasonable approximation and waveguide models shoul
successful in predicting the behavior of these modes.

If surface or waveguide modes are observed to be
stable in the magnetotail, this could point to the occurance
a resonant instability@Ruderman and Wright~1998!# operat-
ing, and is an important calculation for future research.
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